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The Chern-Simons theories on a noncommutative plane, which are shown to describe the quantum Hall
liquid, are considered. We introduce matter fields fundamentally coupled to the noncommutative Chern-
Simons field. Exploiting BPS equations for the nonrelativistic Chern-Simons theory, we find the exact solu-
tions of multivortices that are closely packed and exponentially localized. We determine the position, the size,
and the angular momentum explicitly. We then construct solutions of two spatially separated vortices, and
determine the moduli dependence of the size and the angular momentum. We also consider the relativistic
Chern-Simons theory and find nontopological solutions whose properties are similar to the nonrelativistic
counterpart. However, unlike the nonrelativistic case, there are two branches of solutions for a given magnetic
field and they cease to exist below a certain noncommutativity scale.
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I. INTRODUCTION ponentially, carrying integer flukb=m>0. This is quite
contrasted to the case of the commutative Jackiw-Pi solitons
The solitons arising in noncommutative theories have atwhere the matter density falls off only in a certain power of
tracted much attention recentpl—17]. These include the the radius. To study the properties of the noncommutative
noncommutative monopolg®,3,11, the vortices[5,8,14,  solitons, we employ the covariant position operd@®,31]
the unstable lower-dimensional D-branés10,16,17, and  that describes the real space location of the fluid particles
so on. As in the case dfi(2) noncommutative monopoles [29]. With help of this operator, we are able to define gauge
[2,11], some of the solutions are smoothly connected to thénvariant position, size and angular momentum of the vorti-
commutative ones. There are noncommutative solitons suctes. Hence it is extremely useful to explore the “local”
as (2+1)-dimensional scalar noncommutative solitdd$  properties of generic profiles in spite of the fact that all the
which cease to exist in the commutative limit. In the |attergauge invariant quantities in the noncommutative gauge
case, the characteristic properties of the noncommutativmeories more or less require integration over Sﬂ’dmpar_
solitons largely differ from the ordinary solitons and haveticylar, the moduli size of these noncommutative Chern-

not be_en fully explored yet. . _ . Simons vortices is found to bgd(m—1) and the total an-
Various aspects of the ordinary Chern-Simons solitons a8ular momentum wxkm(m—2) where 6 is the

well knawn thu; far[lE_%—Z(]. In this paper, we would I'ke. to noncommutativity parameter. The intervortex distance is
explore the solitons in the noncommutative Chern-Simons

theories. (Related discussions of noncommutative Chern-roughly order of\/¢ and cannot be squeezed further beyond

Simons theories have appeared in Ré®&1—-28.) It was the distance. This can be understood as revealing the area

shown recently that the quantum Hall liquid can be describe®€Serving nature of the quantum Hall liquid. Thus the
by Chern-Simons theories on the noncommutative plan§imMPle exact solutions describe the closely packedorti-
[29]. We shall add fundamental matter fields to the system®€S- . _
which may be viewed as describing the density fluctuations e construct explicitly the two vortex solutions separated
of the quantum Hall liquid. spatially. There are four real moduli parameters, which de-
We first consider the nonrelativistic Chern-Simons theoryScribe the positions of each vortex. We further identify the
on the noncommutative plane, which reduces to thénoduli dependence of the size of the two vortex configura-
Jackiw-Pi model in the commutative linfit9]. We solve the ~ tion as well as the angular momentum. Identifying the angu-
Bogomel'nyi-Prasad-Sommerfiel®PS equations and find 1ar momentum at infinite separation as an intrinsic one, the
the exact solutions of multi-vortices, which are localized ex-

1The Seiberg-Witten map is a way to find the local gauge invari-
*Email address: dshak@mach.uos.ac.kr ant quantitieg32].
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orbital part of angular momentum is found to Becm(m From the mapping, one may easily verify thad?xf is re-
—1) in the case of the closely packed vortices. placed by 2rétrf and ;f corresponds to- (i/6) ;[ ;1.

We then study the general solutions of the BPS equationget us introduce the creation and annihilation operators by
within the rotationally symmetric ansatz. We show that thect=1/,2¢)(x+iy) and byc=(1/y/26)(x—iy), which sat-
®=1 solution above is unique within the ansatz. Except thi§sfy [¢,cT]=1. In order to represent arbitrary operators we
®=1 solution, we have proven that all the other solutionssha|| yse the occupation number basis ®y- SOy k)(I|
within the ansatz ought to carry the flux whose absolutgyth the number operata'c.
value is greater than unity. Hence it seems clear that the |, terms of operator-valued fields, the action can be
minimal flux in the theory is one for the solitonic sector.  gquivalently written as

Next we consider the relativistic Chern-Simons model
[18] on the noncommutative plane. We construct the nonto- 2i
pological solutions, which are quite similar to the nonrelativ- Les= — mk 0P| A0 A~ EA&ABA7 , (6)
istic noncommutative vortices. However, unlike the nonrela-
tivistic model, there are two branches of the nontopological L :
solutions for the same magnetic field and these psolugiion h_ere hats_"?‘re dropped for simplicity. We introduce the co-
cease to exist when the noncommutativity parameter be¥@nant position operatox;,
comes small. We also identify the size and the angular mo-
mentum and discuss the separation of two vortices.

In Sec. I, we describe the nonrelativistic Chern-Simons _ o
model and derive the BPS equations. In Sec. lIl, we presenThefe operators then transform covariantly, i.&;
the closely packed multi-vortex solutions and discuss their=U XU under the gauge transformation
properties. The separations of two closely packed vortices
are studied in Sec. IV by constructing explicitly the solutions A,—A,=iU",U+UTA,U, (8)
depending on the moduli parameters. In Sec. V, we prove
that, within the rotationally symmetric ansatz, the flux is lim- with U satisfyingUUT=UTU=1. Written in terms of the
ited to ®=1 or d<—1. In Sec. VI, we derive the BPS covariant position operator, the Lagrangian becomes
equation for the relativistic Chern-Simons model and con-
struct the nontopological vortex solutions. The last section
comprises concluding remarks and discussions.

Xi:Xi_eéijAj . (7)

LCSZ_WTOKU'{_Eijxi(Xj_i[Ao,Xj])+29A0}, (9)

Il. NONCOMMUTATIVE CHERN-SIMONS THEORIES where we dropped total derivative terms. As discussed in
The noncommutative Chern-Simons theories are deBef' [29], the positionX; descr'|bes pOSI'tIOI’]S of fiuid jpar-
. . ticles labeled by the the comoving coordinatgs The action
scribed by the Lagrangian - . . .
is invariant under the noncommutative gauge transformation
2i whose continuum version corresponds to the area preserving
K I ) . ) I X .
Les=— EJ dZXGaﬂy( ARdgA,— ARASA |, (1) diffeomorphism. Since; is just labels of fluid particles, the
3 theory describing fluid should be invariant under the relabel-
ing as far as theg; space(labeling density of fluid particles
is preserved. The above Lagrangian describes charged in-
. rasi(o2)éia ! ) compressible fluid in the low energies. The noncommutativ-
f)*gx)=[e 009X k= - (2 ity parameters is related to the the comoving space density
of the liquid by

where the * product is defined by

Here and below) will be taken to be positive without loss of Po
generality. One may present the theory in terms of operators 1

on the Hilbert space defined by (10

PO 2m6

[x,yl=—i6, 3 . . . .
Thus in some sense,nd is the minimal area for a fluid
where the * product between functions becomes the ordinarparticle occupying in the comoving spaxe The parameter

product between the operators. For a given function « is related to the filling fraction by
d%k .~ . 27p 1
_ i (kyx+KyY) — 0_
f(X,y) f Wf(k)e yr/ (4) 14 B i’ (11)
the corresponding operator can be found by the Weylwhere describes the external magnetic field applied to the
ordered form of quantum Hall liquid with the unit electric charge set to unity.
4K We shall first consider a nonrelativistic matter field mini-
f(§<,§/)=f F(k)el kot k), 5) mally coupled to the noncommutative Chern-Simons term.
(2m) The system is described by
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NONCOMMUTATIVE CHERN-SIMONS SOLITONS

1

, 1
L=Lcgt2m0tr| iDopp'— EDi¢(Di¢)T+Z|K|

(¢¢T)2).
(12

where we use the fundamental coupling defined Dby
=d,¢—iA,¢. This corresponds to a noncommutative ver-
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lIl. CLOSELY PACKED MULTIVORTEX SOLUTIONS

The simplem-vortex solutions we found are

Mk
&= "5 Im=1)(0], K=PycPy+SycS), (2D

sion of the Jackiw-Pi model. As in the case of the commuyhere we define the shift operat&, and the projection
tative version of Jackiw-Pi model, this theory allows the BPSgperator, respectively, by

bound. To show this, let us first note that the Hamiltonian is

given by
E=2m0tr EDqﬁ(Dqﬁ)T—i((ﬁ(ﬁT)z (13
27! ' 2| k| '
This can be rewritten as

E=27-r¢9tr<%(DliiD2)¢[(D1iiDz)qﬁ]TileijDiJj

+i(+| |B—pop")pop’ (14)
2[u] 1" ’
whereJ'=(1/2)[D;¢p"— $(D;i$)"].
Noting the Gauss law
KB=¢ ", (15)

one recognizes that the theory allows the BPS bounds. When

x>0 the BPS equation becomes
(D1+iDy)¢=0 (16)
while
(D;=iD2)¢=0 17

for k<0. Since the commutation relatid8) breaks the par-

o m—1
Sm:nZO [n+m)(n|, Pp,= aZO la)(al. (22

The magnetic field of the solution takes the form

B (23

m
g|m—1)(m—1|.

The flux carried by the vortex i$ (= 6trB) =m. Hence the
solution describes vortex solutions. The matter density

mx
=—|Im—-1}(m-1],

- 24

p=po'

is well localized exponentially. This can be seen clearly if
one maps the operator to an ordinary function. The density is

mapped to
( 2r

2

2

2mk N .2
7 (_1)m 1mel relo

p= e (25

wherer2=x;x; andL(x) is thenth order Laguerre polyno-
mial. This is quite contrasted to the behaviors of the commu-
tative version of the Jackiw-Pi solitons where the density
falls off only by a certain power of the radius. The magnetic
field takes quite different form from that of the exact non-
commutative solitons of the Abelian Higgs model wh&e
=(1/6)P,,. Namely, in case of the Abelian Higgs model, the

ity symmetry, there is no obvious mapping between thesdield with total fluxm is evenly distributed over frorf0)(0|
two BPS equations. We find that the former allows a simplelo [m—1)(m— 1| while it is concentrated on one component
localized solution. Hence we shall mainly focus on this casein the case of the above Chern-Simons vortex.

Using the covariant position operator, the former BPS To study the properties of these solitons, let us first con-

equations can be written as

[/
K'¢—¢c'=0, 1-[KK'l=—¢s', (19
where we defin& =(X;—iX,)/y/26. These BPS equations

do not involve A,. However, once the BPS equations are
solved,A, can be determined from the equation of motion

KEijFsz‘]i . (19)
Together with the BPS equations, one finds
b’
Ao=— 2]’ (20)

sider the size of soliton configuration. This can be measured
in terms of the covariant position operator. The center posi-
tion is defined as
i
i_trXp
trp -~

(26)

This definition is gauge invariant whereas' tr/trp does not
lead to a gauge invariant quantity. Evaluating the center po-
sition of the above solution, one finds tiRlitis vanishing for

all m. Translations of the vortex solutions give solutions de-
scribing the vortices located at the other position. Under a
translation, the fields transform as

Sp=ao, . (27)

We add here the gauge transformation in order to make the

5Ai = a.j (9]A| s

which agrees with the expression of the commutative casehanges covariati83]. In particular, we add the transforma-

except for the specific ordering of the field operators.

02501

tion by the gauge parameté = —a;A;, whose form coin-
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cides with that of the ordinary gauge theory. Hence the trans- 1
lation is described by the transformation op=— E(kafjﬁj G+ 9™ Xyex), (33
SAi=ale;B, dp=a'D;s. (28 where we have used the identity x;2(x)=x*f(x)

o ) ) ) .. +f(X)*x; in the description of the ordinary functions. Back
The finite form of translation constructed in this manner is iNtg the operator formulation, the rotations read

general quite complicated although the corrections occurs
only in mXm andmxXo sectors ofK and ¢, respectively.

i
When m=1, the expressions of the translated vortex be- 5Xi=—2—9[Xka,Xi]—6inj,
comes particularly simple. It is
i
K OAG= — == [ Xk Xk, Ao,
b= \/;|0)<a|, 0= = 55 XXk, Aol
f ; i
K=S,cSI+\26(a;—ia,)|0)(0], (29) 6=~ 5o[XXc, b1 (34)

where |a) denotes a coherent state defined bg)
=e(/9<;3Xj|0). In fact one may generate solutions located
at different positions for a generai with a choice of gauge
parametedA = — (1/6)a;€;;X; , which is gauge equivalent to
the above construction. The solution reads

We again add a gauge transformation = — (1/26) (XX
—XXx) to make the variation covariaf83]. The resulting
transformation of fields are

~ i
OX= = 55 XX, Xil — € X,

mk 55
¢=\ 5 Im-1)a, K=PrCPmt SncShtv260(a 1
oAo=— 55 9D°(kak)’

—iay)Pn, (30)
~ [
with the center positiolRj=a;. One may also estimate the Sp=— ﬁ(xkxw— DX Xk ) - (35
size A of the solitons by evaluating
tr(X' —R)(X'—=R)p Note that the variatio¢ is covariant too here. The trans-
A%= rp . (31  formation ofX; can be written in terms of the variation Af

as dA,=1(X;B+BX;) that is reduced to the expression for

One then finds thaA2= ¢(m—1) on the solutiong30). As the covariant variation in the commutative gauge theory. The
we will see later on, the size here is minimal in some senseonstruction of the corresponding Noether charge is straight-
Namely, the vortex cannot be squeezed further. Thus th_g)rward. The resulting expression for the angular momentum
minimal distance between vortices are of orge&: Further- 'S

more, the minimal area taken Ipyvortices scales roughly as 0

mé. The behaviors are quite contrasted to the noncommuta- Q,=2motr einiJj__Di¢(Di¢)T ) (36)

tive vortices in the Abelian Higgs mod&B,14] where any 2

number of the noncommutative vortices can be at the same o )

position at least classically. This seems to be closely relatelf! the commutative limit in which the second term on the

to the area preserving nature of the underlying quantum Half'9ht side of the above equation is dropped out, this expres-
liquid. sion reduces to the angular momentum of the commutative

The system is invariant under the rotation where the rotat€0ry in Ref[19]. Now let us evaluate the angular momen-
tion group isSO(2). Theparity is broken, which can be seen UM Using the solution. One finds
from the commutation relatio(8). Thus angular momentum
may be defined by following the Noether construction of the

cor?se'rved'chargis. When we use the ordinary function derne angular momentum scales as the vortex number squared
scription with the * product, the system is invariant under theypjike the case of ordinary Jackiw-Pi soliton where it scales

Qi=mrkm(m—2). (37

rotation linearly in m—1. Rather this agrees to the angular momen-
tum found in the ordinary relativistic modg¢B4], which
5Ai: _kakjfngi_fijAj y 5¢: —Xkekjﬁjqﬁ. (32) reads
This can be rewritten, in terms of * product, as Q)= mk®(2N—d) (39)

with N denoting the vorticity. SincBl=m-—1 and® =m for

1
SA = — = (X €0 A + I A Xe ) — € A : \ .
1= 7 i AT AT XE) €A our solutions, one finds the agreement. In the next section,
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we shall show that the orbital part alone is jusikm(m  whereqg, g,, andqg, are complex numbers. Note that under

—1) by studying the separation of vortices. a transformation
As will be shown later, there is no further solution rof .
=1 within rotationally symmetric ansatz. Hence the=1 bd— ¢ech0—cq0, VI—VT—qoP,, (43

case above is a unigue solution that is rotationally symmet-
ric. Let us consider possible moduli of the=1 solution. In  the BPS equation is invariant, which corresponds to a trans-
the commutative case, there are three moduli parameters ftation. Hence one may sey=0 without loss of generality.
the one vortex solution. Two are locations of a vortex andSolving the first BPS equation is now straightforward. For
the remaining is a scale parameter. All of these are related téy,=\; and ¢10=\,, the general solution reads
symmetry transformations. Namely, the position is generated
by the translation while an arbitrary size can be generated by (#1|=X\1(chl+X\,q:(sH, (¥2|=N10x(sh+\x(chl,
a scale transformation that is also a symmetry of the model. (44)
In the noncommutative case, we have already found two )
moduli parameters representing the positions of the vortexVhere we define
The question is what happens to the scale parameter. Be-
. . . 2
cause of the noncommutative scale on which the theory is _ 4192 (0192)
e ; (sh=(1|+ (3|+ 5+,
explicitly dependent, the scale symmetry is no longer a sym- V3! J5!
metry of the model. But one may still generate solutions for
a given solution by the scale transformation 2
(ch/=(0|+ Q1Q2<2|+ (0102) (44
xi—bx,, t—b?% (39 J21 Jar '

45

together withd— b?#, where the factob? can be understood 49

from the fact that the noncommutativity scale has a dimenSince we take the gauge where the magnetic field is diago-
sion of length squared. Unfortunately, the abowesortex  nal, (i4|¢,) ought to vanish, which can be seen from the
solutions are invariant under this scale transformation and neecond BPS equation. This implies eithar or \, is zero.
new solutions are generatéddence it seems plausible that We take\;=0 and\,=\ using the residual gauge symme-
the m=1 solution has only two moduli parameters as thetry that interchangef) and|1). One may further choose
moduli space of one soliton is in general generated by @o be real and positive. Inserting the expressions to the sec-
symmetry transformation. ond BPS equation, we obtain a set of algebraic equations

IV. SEPARATION OF TWO VORTICES

M o
—]—|SIN ,
x| .0,

1
Boo= 5(1+ DR
In order to study the separation of two vortices, we first
note that the translations of tma-coincident vortices in the 1 A2
last section generate a nontrivial modification of fields only B11= = (1—|q;/?+|9,|?) = —coshq,q,|. (46)
in mxXm andmX« sectors ofK and ¢, respectively. Since 4 K
the separation can be understood as a translation of ea

vortex, we take an ansatz where %]lwdmg the first equation by the second equation, we get

1+[qe?—|a2l® |ay

m—-1m-1
¢=§O ENCAE K=a§0 go Vapla)(b|+SycSh, -2 +]az? |a,

(40 from which one may findgy| for an arbitrary|q;| e [02).
Once we getq,| for a given|qy|, A can be determined from
‘any of the above equation. Wheq,|=0, one finds|qy)|
=1, which corresponds to the closely packed two vortex
P solution described in the previous section. From the equation
Vig—oct=0, P,—[V,VI]=—o¢o' (41) it is obvious that the maximum dfq;|?—|q,|?| equals 1.

K Let us now show that the minimum d,|2+]|q,|? is also 1.
To show this, let us assume tHa|?+ |g,|?<1. Then from
the left-hand side of the above equation, one finds that

m—1

tanHq;0y|, (47)

where|,) refers to a generic state in the Hilbert space de
fined by[x,y]=—i6. The BPS equation reduces to

Now let us considem=2 case. We choose a gauge whBre
is diagonal. The the most general form\st takes

1+|Q1|2_|Q2|2> 2|q,/? - laa|?
1-laq?+]a2*” 1—|ag|*+az*” 1]y

VT=qoP,+ 04 0)(1]+0qz|1)(0], (42) 5>0,|%

(48
2For example|0)(0| is mapped to 8 /¢ and it is clear that itis ~ Noting tanhig,d,/|q.0,| <1, we find that the right-hand side is

invariant under the scale transformation together with the change @maller thanq,|?. Hence we get a contradiction. Similarly,
6. one may easily show that};|<|q,| on the solution for all
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|q4|. Furthermore, whenq,| become large, the difference * *
between |g,| and |g;| becomes exponentially small as d=>, don+tm—1)(n|, K'=2 k¥n+1)(n|,
n=0 n=0

~e2a%)q,).

" . Co . 54
The overall positiorR; of this solution is zero. The size of 64
the configuration is for some positive integem. One may easily verify that the
other choicep==,_,¢,|/n)(n+m| does not lead to any so-
2 2 2 n=0%n
A%=0(]q.]"+]q2|*)= 6. (49 |utions. The BPS equations then imply that
The last inequality follows from the fact that the minimum of +1= & k*
(|a1]2+9,/?) is one as shown above. We further computeqSn+l Poknm-1, (55
the higher moments 1 1
) ) ) ) Bn+m71=5(1_|kn+mfl|2+|kn+m72|2)=_|¢n 21
MOCRICCROT? _ g(jauf2+ 10T, (50 "
trp a1l for n=0 with
In the commutative theory, this kind of behavior for the lko=a+1, B,=0 for a<m-—1. (56)

higher moments can be found only when two pointlike
masses of an equal mass are separated by a distance Defining |kh4+m-1/=n+v, (=0), one gets a recurrence

relation
d=2v0(|q.|*+]q2l%). (51)
_I’H—vn

Hence we conclude that the configuration describes two Un+17Un T 0 (0n=0n-1), (57)
separated vortices at a distarttelhe angular momentum of
the configuration can be found as for n=1. The initial conditions are identified from E¢p5)

as O<svo<m and v;—vg=—vo(M—vg). Since vi—vyg

Q,=2mk[(|ai]?—]a,/?)2—1]. (520 =<0, v,—vp+q is all nonnegative definite. Hence the series

) v, is either constant or monotonically decreasing. The total
The maximum of the angular momentum occurs at thejux here is given byb=m—uv.,.

Closely paCked solutions in the preViOUS section. The angular There are two Specia] points Wha]fﬁ is constant. When
momentum decreases as the separation gets larger and bg—m, ,,=m and¢,=0 for all n. The flux is zero and this
comes twice of the angular momentum of one vortexbof  corresponds to the trivial vacuum solution. Wheg=0,
=1 in the large separation limit. Therefore one may consis; —o and|¢,|? is nonvanishing only fon=m—1 with a

tently regard each vortex carrying an intrinsic angular moaluemx/ 6. This is the closely packed solution we discussed
mentum— 7 «. The orbital part of the angular momentum in i the previous section. Except these two casesmust be
the two vortex case is negative definite. To show this, let us assume=0. Since
_ _ 2 1o (202 v, IS monotonically decreasing,,—v,1 iS then positive
Qo= Qy+mmr=2mk(|d|*~|d|*)*. (33 definite. From the recurrence relati¢ir), we have

Thus as claimed before, the orbital part of angular momen- n 1
tum becomesrkm(m— 1) for the closely packeth vortices. Un—Unt1>—— (g1~ 0> - >——(vo—v1)>0
. . n+1 n+1

Finally let us count moduli parameters of these separated (59)
vortices. There are two real parameters describing the center
position specified by a complex numbes. [q,| is fixed by  for n=1. Summing this fol =1 to n, one finds
|q,| and the real parametaris completely fixed in terms of
|g.]. Among the argument ofj; and q,, the relative part 1
(¢1— ¢,) can be gauged away and only the overall part is Ul_vn+1>(vo_vl)|2 1 (59
gauge invariant. In fact, under the rotation defined in Eq. -

(35), 0, and g, change agj;=q;€'* g;=0,€'¥. Thus We  For Jargen, the right-hand side diverges asniand we get a
conclude that the overall argument describes the angular c@ontradiction. Hence we get a bound for the total flux as
ordinates in the relative space of the two vortices. In total we

have four real moduli parameters which specify the planar d=m-v,>m (60)
locations of two vortices.

n

whenv,# 0,m. This proves the claim that the closely packed
® =1 solution is unique within the rotationally symmetric
ansatz. The series for<Ov,<<m case in general converges.
The rotationally symmetric configuration of the noncom- Whether the flux is quantized or not for the generic initial
mutative Jackiw-Pi model was studied numerically in Ref.data seems not clear though in REZ6] it is claimed that
[26]. Nonetheless we repeat here the analysis to show certathey found that it is not quantized numerically. In case of the
analytic properties. We first consider the BPS equation wittcommutative Jackiw-Pi model, such solutions carrying non-
x>0. We take a generic rotationally symmetric ansatz integer flux are excluded by the analyticity requirement al-

V. GENERAL ROTATIONALLY SYMMETRIC VORTICES
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though the solutions satisfy locally the equations of motion. E=2m0t[Dop(Dodp)T+D;p(D;p)"+V(popM].
We do not know how to implement such analyticity in the

noncommutative case. In this respect, the quantization of the o _
flux numbers are not quite clear. We leave this issue for th&Ve simply note that the above Hamiltonian can be rewritten

future study. identically as
Now let us turn to the case 0f<0. In this case an ap- : 2
propriate ansatz will be E=2m6t1 | Do+ —(v2— ') d| +|(D1+iD,) 2
K
— _ t— * i €
¢_r1§=:o doln){(n+m—-1|, K —nz,o kr|n-+1)(n|. +(hdT—?) B—];O)I?Dm'nisz 7 67)
(61)

) . ] where we define the currenf, as
The other choicep==,_,¢,/n+m)(n| again does not lead

to any solutions. Inserting the ansatz to the BPS equations jM=i[D#¢¢T—¢(DM¢)T], (68)

for k<0, one gets the recurrence relation )
and |0|?=00" for any operatorO. Now using the Gauss

bns1Kn=ppn+m, law constraint
kB=jg, (69
Bn=£(1—|k |2+ | K- |2)=—i|¢ |2 (62 o o ,
0 " n-1 [ 7T and ignoring the total derivative term, we find
for n=0 with k_;=0. Eliminating ¢,, again, we get E—2m0tr Do¢ii—(u2—¢¢T)¢ 2
n+m )
Un+1_Un:n+—vn(Un_Un—1)! (63 +|(DliiD2)¢|2isz)202|(I>|. 70

where we define agaifk,|?>=n+v,=0. The total flux is
then given by®=1-v,. The initial conditions read
21 andvl—v(): m(UO_ 1)/0020 Whenl)(): 1, we get the (Dli |D2)¢:0,

trivial vacuum solution again, so we shall consider only the

case ofvy>1. v, is monotonically increasing and one may i

easily show that..>m+1 by a similar way adopted fot Dopx—(v?—pop")p=0 (71

>0. Hence we conclude that any nontrivial vortex solutions «

carry the flux®<—1. In summary we have proved that, hold. Using again the Gauss law, the second equation can be
within the rotationally symmetric ansatz, tde=1 solution  |eritten as
is unique and any other solutions should necessarily carry the

flux with |®|>1.

The saturation of the bound occurs if the BPS equations

2
B=*— ¢! (02~ pg"). (72)

VI. NONTOPOLOGICAL VORTICES IN THE
RELATIVISTIC CHERN-SIMONS MODEL We shall not explore the full details of the soliton solu-
. . ) S tions present in this model. Instead, we shall focus on the
_In this section we shall consider the relativistic Chem-pontopological soliton solutions. For the closely packed so-
Simons model with fundamentally coupled matter descrlbeqlutions, one has two types of solutions for the same magnetic

by field: They are
L:LCS+2770U[DO¢(DO¢)T_Di¢(Di¢)T_v(¢¢T)(]6v4) d=A.|m—1%0|, K=P,cPn+S.cS,, (73

o where\ . is given by
where the potential is

2mek | Y2

xizuz[u( -—

007 (74)

1
V(€)== )2 (65
The solution of this type exists only fd=2m«/v*. Hence

We shall derive here the BPS equation similarly to the casé is clear that the solution do not exist in the commutative
of the nonrelativistic model. The derivation was done in Ref.limit where 6 goes to zero. The flux is agath=m and the
[26], but we find it incomplete because they assume certaienergy is 2rmuv? that of course saturates the BPS bound.
relations that are unnecessary. To begin with, let us first not&€he charge carried by the solution@= 27 6trj,=2m«km.
that the Hamiltonian is given by The position is defined as
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tr Xijo the vacuum values. Wheflv*=2m«, the two branches co-
=, (79 incide and become just one solution.
0 The separations of two closely packed solutions can be
and the center position vanishes on the solution. The sizéeParated again. The solution takes a form
defined with respect to the charge densit\fe= §(m—1). _
The position gan be defined with respect to the Hamil- ¢=N(az|0)(shi+]1)¢ch)),
tonian densityH:
. K"=01/0)(1]+ ol 1)(0| + Syc"Sh.
trX'H (8D

R,=——r, 76 . . .
H o (76) The diagonal part of the 22 sector ofK™ again describes
. . _ _ the center position and we set it to zero using the transla-
which vanishes on the solution. One may also consider th@onal symmetry. The parameters satisfy the algebraic equa-

matter distribution size as tions
tr(X' = Rl (X' =R, H 1
Af= trH - (77 50025(1+|Q1|2_|Q2|2)
2
For the vortex configuration, this size of the energy distribu- _ ZL . 22|91
, (m=2)\% 1 s
Af=(m—-1)0 1+m—v2 . (78 311:5(1_|Q1| +1d2l%)
2
The value is again zero fan=1 and there is no difference _ 2_\2
= —5C0S —\“ cos . 82
between the two branches fon=2. For m>2, the (—) K° 10| (v f1d1021) (®2
branch solution has more closely packed; namely, the mini- ) )
mal intervortex distance is smaller in tiie) branch. The number of parameters involved are again four real pa-

The angular momentum can be found in a similar way to/@meters. The center position has two real parameters and
the nonrelativistic case. Under the rotation in E85), the  |di| and the overall angle ofi; and g, are the remaining

Noether procedure leads to the angular momentum moduli. The relative angle can be gauged away [@pfland
\ are determined interms dfj;| by the above set of the
i equations.
Q,=2motr finiTOI_E[DiDO(ﬁ(Di(ﬁ)T
VIl. CONCLUSION
—Did)(DiDqu)*]), (79 In this paper we have constructed the solutions of the

noncommutative Chern-Simons solitons and investigated
their properties by computing the position, the size and the
angular momentum. The nature of the noncommutative vor-
_ 1 tices differ from those in the commutative version.
T%=—5[Dih(Do)'+Dop(Di$)]. (80) In the case of the closely packed multi-vortex solutions,
we have considered their moduli separations only for the
ase of two vortices. For the general closely packed vortices
ith m>2, the ansatz taken in this paper leads to a finite set
of closed algebraic equations. Though there might arise a

whereT? is the momentum density

The expression again reduces to that of the ordinary fiel
theory in the commutative limit. The angular momentum

evaluated on the above solutionascm(m—2). Hence the  |ie complication, it is worth studying the detailed structure
solutions describe the closely packedvortices and their ¢ iheir modulj dependence. In particular how the minimal

properties are quite similar to those of nonrelativistic COUN~i;am-vortex configurations are achieved in a moduli depen-

terpart. One thing that is distinct from the nonrelativistic yont manner would be quite interesting. On the nonrelativis-

closely packed solution lies in the fact that there are Wojc model, one problem unresolved is whether there is a
types of solutions for the same given magnetic field Conf'gu'quantization of flux generically. In Ref26], it is suggested

ration. ,lrn the(—) branch solution, nonvanishing componentsyhay the flux quantization of the vortex solutions does not
of (#¢")nn are centered around the symmetric vacuum whilé,cc i if one just require the convergence of the difference
the components of+) branch solution are centered around gqation. In case of the commutative Jackiw-Pi model, only
the broken vacuum. Ag grows, the values of. approach  he regularity requirement of the solution at the origin leads
to a quantization. We do not know how to understand such

conditions in the noncommutative case. Further study is re-
3We define here the Hamiltonian density operator as the covariarfjuired on the issue. The other issue we omitted in this paper
guantity inside the trace of E66). is on the low energy moduli dynamics. In the commutative
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Jackiw-Pi model, it is shown that the solitons behave as dudbw energy dynamics would be quite interesting.

object of the elementary particle excitatiof85]. How the Note addedThe problem in this paper was originally sug-
dynamics occurs in case of the noncommutative vorticegested by one of the authd8]. While we were investigat-
need to be clarified. Also in this respect, the quantum natureng the subject, a related paper appeaf2é]. We found

of elementary excitation would be of inter¢86]. some overlaps in Sec. V.
In case of the relativistic model, we have not explored the
solitons in the topological sector. The BPS equations suggest ACKNOWLEDGMENTS
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